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Abstract— In this article, a predictor–corrector algorithm for
the fast polynomial chaos (PC)-based uncertainty quantifica-
tion (UQ) of multi-walled carbon nanotube (MWCNT) intercon-
nect networks is presented. The proposed algorithm intelligently
combines the numerical efficiency of the approximate equivalent
single conductor (ESC) model of the MWCNT interconnect
network with the rigor and accuracy of a multi-conductor
circuit (MCC) model. Consequently, this algorithm significantly
accelerates the generation of the PC surrogate models (or meta-
models) of the network responses for minimal loss in accuracy.
These metamodels can be probed efficiently and repeatedly to
quantify the impact of manufacturing and fabrication process
uncertainty on the MWCNT network responses.

Index Terms— Carbon nanotubes, equivalent single conductor
(ESC) model, multi-conductor circuit (MCC) model, polynomial
chaos (PC), transient response, uncertainty quantification (UQ).

I. INTRODUCTION

CARBON nanotube interconnect networks are emerging
as potential alternatives to conventional metal intercon-

nect networks because of their superior electrical, thermal,
and mechanical properties [1]–[5]. In particular, multi-walled
carbon nanotube (MWCNT) interconnect networks have gar-
nered significant attention due to their ease of fabrication and
metallic properties compared to their single-walled counter-
parts [6], [7]. However, the electrical performance of MWCNT
interconnect networks is highly susceptible to nanoscale manu-
facturing and fabrication process uncertainty. Therefore, mod-
ern circuit simulators must be able to account for the effects
of manufacturing and fabrication process uncertainty on the
performance of emerging MWCNT interconnect networks.
This task is referred to as uncertainty quantification (UQ).

Traditionally, Monte Carlo-based random sampling tech-
niques have been used for UQ of CNT-based interconnect
networks [4]. However, the slow convergence of Monte
Carlo-based techniques means that usually thousands of deter-
ministic SPICE-based simulations of the network are required
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in order to obtain reliably accurate results. More recently,
faster numerical techniques based on the generalized poly-
nomial chaos (PC) theory have become common for UQ
of MWCNT interconnect networks [8]–[10]. These tech-
niques model the effects of manufacturing and fabrication
process uncertainty using random variables with assumedly
well-known probability density functions (PDFs). Thereafter,
the impact of these input random variables on any MWCNT
network response is mathematically represented as a lin-
ear combination of polynomial basis functions. Importantly,
the basis functions are all orthonormal with respect to the
joint PDF of the input random variables [11]. The coefficients
of the bases form the new unknowns of the network. These
coefficients can be determined using various nonintrusive
techniques such as quadrature techniques, collocation tech-
niques, or regression-based techniques [12]–[16]. Once the
coefficients are determined, the combination of the coefficients
and orthonormal bases form an analytic surrogate model (or
metamodel) of the network response. This metamodel can now
be used in lieu of the original SPICE network model in a
Monte Carlo framework to efficiently characterize the statistics
of the network response.

The majority of the CPU effort required to construct
PC metamodels goes in evaluating its coefficients. In fact,
the number of SPICE simulations required to nonintrusively
evaluate the PC coefficients scales in a near-exponential man-
ner with respect to the number of random variables present in
the network [9], [11]. This issue of poor scalability is further
compounded by the fact that as the number of shells in each
MWCNT conductor increases, the time cost for even a solitary
SPICE simulation increases rapidly [9]. Thus, considering
the full set of random variables (or dimensions) present in
a realistically large MWCNT network can quickly become
computationally intractable.

In order to address the above scalability issue, a vari-
ety of numerical strategies have been reported in [8], [9],
and [17]–[29]. For example, the works of [9] and [17]–[20]
have used Sobol’s sensitivity indices to identify those random
dimensions that have minimal impact on the network response
variance. Thereafter, these unimportant dimensions are dis-
carded, and a PC metamodel is constructed in the reduced
dimensional subspace at much cheaper CPU costs. Other
approaches rely on gradient information of responses [21],
inverse regression curves [22], principal component analy-
sis [23], basis adaptations [24]–[26], multi-element PC [27],
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hyperbolic PC truncation schemes [28], and compressed sens-
ing [29] to improve the scalability of PC metamodels. For the
particular case of MWCNT interconnect networks, the work
of [8] has used the approximate but compact equivalent single
conductor (ESC) model to diminish the CPU cost of each
SPICE simulation even when considering a large number
of shells per conductor. Unfortunately, the very compact
nature of the ESC model is predicated on an equipotential
approximation that introduces errors when evaluating the PC
coefficients [30]. Currently, there is no known technique to
address these errors in the PC coefficients.

In this article, a fundamentally new algorithm to improve
the scalability of PC metamodels for MWCNT interconnect
networks is presented. This algorithm begins by construct-
ing a predictor PC metamodel for each MWCNT network
response of interest. The purpose of the predictor is to capture
the coarse statistical features of the network responses. The
massive number of deterministic SPICE simulations required
to evaluate the coefficients of the predictor PC metamodel
is mitigated by using the ESC model of the network [10].
Next, the approximation errors introduced by the ESC model
into the predictor coefficients are corrected by adding a
corrector PC metamodel. This corrector PC metamodel is
so formulated such that it captures only the finer statistical
features of the network responses that the predictor metamodel
has missed. Hence, only a very small number of SPICE
simulations of the rigorous multi-conductor circuit (MCC)
model proposed in [6] and [7] is sufficient to evaluate the
coefficients of this corrector metamodel. Now, by adding
the predictor and corrector metamodels together, the origi-
nal PC metamodel of the network responses can be recov-
ered. Therefore, this algorithm is called a predictor–corrector
algorithm.

The total number of SPICE simulations of the MWCNT
network required by the proposed predictor–corrector algo-
rithm is equal to the sum of a large number of com-
pact ESC model simulations (required for constructing the
predictor) and a very small number of the rigorous MCC
model simulations (required for constructing the corrector).
The CPU cost of this sum of SPICE simulations is far
smaller than that incurred when evaluating the coefficients
of a PC metamodel using MCC simulations alone as is the
convention. In other words, the rigor of the MCC model
compensates for the approximation errors of the ESC model
while the numerical efficiency of the ESC model compensates
for the large CPU time required for simulating the rigorous
MCC model.

The proposed predictor–corrector algorithm is an extension
of the author’s preliminary work of [10]. As part of this
extension, the following new approaches and analyses are
introduced in this article.

1) In this article, an iterative numerical technique based
on the hyperbolic PC truncation scheme of [28] has
been developed to precisely select an optimal number of
terms in the corrector metamodel. This is a critical issue
because if too many terms are included in the corrector
metamodel, it will be very accurate but will require a
massive number of MCC model simulations to construct.

Conversely, if too few terms are included in the corrector
metamodel, it will be constructed very quickly but will
not be able to compensate for the ESC model errors in
the predictor coefficients. It is emphasized that in the
preliminary work of [10], no such attempt to select an
optimal number of corrector terms has been reported.
Moreover, it has been clearly demonstrated that by
intelligently leveraging the predictor metamodel, this
algorithm ends up being more numerically efficient than
the hyperbolic truncation scheme of [28].

2) From a theoretical standpoint, it has been shown in
Section III-F that the presence of small tunneling con-
ductance in between the shells of an MWCNT conductor
can potentially limit the numerical efficiency offered by
the predictor–corrector algorithm. However, through the
examples of Section IV, it has been established that the
numerical efficiency of the predictor–corrector algorithm
is, in reality, highly robust to the value of the tunneling
conductance between shells. Such explorations into the
robustness of the predictor–corrector algorithm have not
been conducted in [10].

3) Finally, a detailed analysis of the numerical effi-
ciency offered by the predictor–corrector algorithm has
been provided in Section III-E. Through this analy-
sis, the scaling of the numerical efficiency offered by
the predictor–corrector algorithm over conventional PC
metamodels with respect to the number of shells in
the MWCNT conductors has been rigorously quantified.
In fact, it has been demonstrated that as the number of
shells in each MWCNT conductor increases, the numer-
ical efficiency of the predictor–corrector algorithm also
increases until it saturates at a particular value. This
maximum possible value of the numerical efficiency has
been identified and also been verified using multiple
numerical examples in Section IV. Again, such detailed
numerical efficiency analysis of the predictor–corrector
algorithm has been avoided in [10].

II. BRIEF REVIEW OF UQ IN MWCNT NETWORKS

Consider a general MWCNT network consisting of N
coupled conductors, each with n number of shells as shown
in Fig. 1(a). This network is driven and loaded by linear
lumped equivalent circuits as shown in Fig. 1(b). Each shell
in the MWCNT conductors of Fig. 1(a) is represented as a
transmission line, and the per-unit-length (p.u.l.) parameters
of these transmission lines are obtained from the geometrical
dimensions and physical properties of the MWCNT using
the standard expressions provided in [5]–[7]. Based on the
p.u.l. parameters, each transmission line is modeled as
a cascade of SPICE-based lumped resistance–inductance–
conductance–capacitance (RLGC) circuit cells as shown
in Fig. 2 [6], [7]. Note that delay-extraction-based SPICE
macromodels can also be used to represent each transmission
line model of a conducting shell [7]. Irrespective of the model
used to represent each conducting shell, the shell-to-shell
coupling in Fig. 2 is due to the nonzero tunneling conductance
and electrostatic capacitance. Overall, Fig. 2 represents the
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Fig. 1. MWCNT network. (a) Physical structure of the MWCNT network. (b) Top view of the MWCNT network showing the driver and load circuits.

Fig. 2. MCC model representation of a single MWCNT conductor. (a) Physical structure of a single MWCNT conductor consisting of multiple shells
arranged coaxially. (b) Equivalent MCC model of the coupled shells using cascaded RLGC lumped circuit cells.

rigorous MCC model of a single MWCNT conductor of the
network shown in Fig. 1.

Let the manufacturing and fabrication process uncertainty
in the network shown in Fig. 1 be modeled using d mutually
uncorrelated random variables λ = [λ1, λ2, . . . , λd ] located
within the multi-dimensional support �. The impact of these
random variables (or dimensions) on the network responses
is characterized by the stochastic modified nodal analysis
equations as

G(λ)X(t,λ) + C(λ)
dX(t,λ)

dt
= B(t) (1)

where G and C matrices contain the stamp of all the RLGC
lumped circuit elements in the MCC model of Fig. 2, X
is the vector of stochastic voltage/current responses, and
B represents the vector of independent voltage and current
sources. Now, the goal of UQ is to characterize the statistics
of any network response, say x(t,λ) ∈ X(t,λ).

Recently, the PC approach has emerged as a highly attractive
and powerful method for UQ of general circuits [13]–[19]
including MWCNT networks [8]–[10]. The basic idea of this
approach is to model the uncertainty in the network response
as a linear combination of polynomial basis functions in λ as

x(t, λ) =
P∑

k=0

xk(t)φk(λ) (2)

where φk(λ) is the kth d-dimensional basis function,
xk(t) is the corresponding coefficient, and the number of
terms in the expansion of (2) is truncated to
P + 1 = (d + m)!/(d!m!), m being the maximum order of the

expansion of (2). Importantly, the bases of (2) are orthonormal
with respect to the joint PDF of λ [11]. The coefficients
of (2) are the unknowns of the network and are usually
evaluated using multiple deterministic SPICE simulations of
the network of (1) performed at a predefined set of nodes
in the multi-dimensional support � [12]–[16]. Once the PC
coefficients of (2) have been evaluated, the expansion of (2)
serves as an analytic surrogate model (or metamodel) of the
original response x(t, λ). Now, this metamodel can be probed
within a Monte Carlo framework far more efficiently than the
SPICE model of (1) to extract all statistics of the network
response.

Most of the computational effort in constructing the PC
metamodel of (2) goes toward evaluating the coefficients.
In fact, the number of SPICE MCC model simulations required
to evaluate the coefficients of (2) scales with respect to the
total number of dimensions d as O(P +1) = O(dm) [9], [11].
Thus, for even moderate values of d , the number of required
SPICE MCC model simulations escalates quickly to the point
of being computationally intractable. This poor scalability is
further exacerbated by the fact that in the MWCNT network
shown in Fig. 1, if the number of shells per conductor (n)
is large, then the time cost of even a solitary SPICE MCC
model simulation will be very large. This makes the problem
of fast evaluation of the coefficients of (2) a major and open
challenge.

In order to address the poor scalability feature of PC
metamodels, various approaches such as those based on analy-
sis of variance (ANOVA) [17]–[20], active subspaces [21],
inverse regression curves [22], basis adaptation [24]–[26],
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principal component analysis [23], multi-element PC [27],
hyperbolic truncation [28], and compressed sensing [29] have
been developed. All of these techniques attempt to reduce the
number of unknown PC coefficients present in the metamodel
of (2) which in turn translates to fewer SPICE MCC model
simulations of the MWCNT network. Besides the above
approaches, the work of [8] was able to reduce the CPU cost of
each SPICE simulation by employing the compact equivalent
signal conductor (ESC) model instead of the more rigorous and
expensive MCC model of Fig. 2. The methodology to obtain
the p.u.l. parameters of the ESC model directly from that of
the MCC model is described in detail in [7] and [30]. The ESC
model is based on the assumption that the electric potential
at each shell in an MWCNT conductor located at the same
longitudinal distance from an end is the same [30]. In other
words, the tunneling conductance between each shell has to
be infinitely large. Under this assumption, all the shells of a
conductor can be collapsed into a single shell representation.
By collapsing the number of shells, the size of the MNA matri-
ces of (1) is significantly reduced leading to more efficient
SPICE simulation. However, in reality, the tunneling conduc-
tance in between the shells is never truly infinitely large [7].
This means that the basic assumption of the ESC model is not
perfectly true and introduces errors into the evaluation of the
PC confidents of (2). In the current literature, no methodology
to correct these errors has been reported. Therefore, efficiently
constructing accurate PC metamodels for MWCNT intercon-
nect networks remains a critical open problem.

III. DEVELOPMENT OF THE PROPOSED

PREDICTOR–CORRECTOR ALGORITHM

In this article, a new predictor–corrector algorithm to con-
struct numerically cheap yet accurate PC metamodels for
MWCNT interconnect networks is presented. The novelty
of this algorithm lies in the fact that unlike the aforemen-
tioned techniques to improve the scalability of PC metamod-
els [17]–[29], this algorithm does not seek to reduce the
number of PC coefficients that need to be evaluated. Rather,
this algorithm attempts to evaluate all the PC coefficients in a
more efficient manner by intelligently crosscutting the features
of the ESC and MCC models. In particular, this algorithm
provides a mathematically rigorous framework to correct the
errors in the PC coefficients of [8] that arise due to the ESC
model. The technical details of this algorithm are described
next.

A. Constructing the Predictor Metamodel

The predictor–corrector algorithm begins by first construct-
ing a PC-based predictor metamodel of the MWCNT network
response x(t, λ), similar to (2) as

x p(t, λ) ≈
P∑

k=0

x (p)
k (t)φk(λ) (3)

where x (p)
k (t) is the kth predictor coefficient. Note that the

number of terms in the predictor metamodel of (3) is equal to
P + 1—the same as that in the conventional PC metamodel

of (2). In other words, to evaluate the predictor coefficients of
(3) in a nonintrusive manner, the number of SPICE simulations
required still scales poorly as O(P + 1) = O(dm). Now,
in order to curb the massive CPU cost of these many SPICE
simulations, it is proposed that the approximate but compact
ESC model of the MWCNT network be used instead of the
rigorous yet expensive MCC model [6], [7]. The advantage
of using the ESC model is that the CPU cost for each
SPICE simulation will be significantly diminished, thereby
accelerating the evaluation of the coefficients of (3). In effect,
it is possible to construct the predictor metamodel of (3) far
more efficiently than the conventional PC metamodel of (2)
despite evaluating the same number of coefficients. However,
it is pointed out that this numerical efficiency is achieved via
the equipotential approximation in the ESC model. The errors
arising from this equipotential approximation ensures that the
predictor metamodel of (3) is only able to capture the coarse
statistical features and misses the finer statistical features of
the dynamic network response x(t, λ).

B. Formulating the Corrector Metamodel

The next step in the proposed algorithm is to correct the
errors in the predictor metamodel of (3) arising from the
equipotential approximation of the ESC model. For this pur-
pose, a corrector function, described as the difference between
the original network response and the predictor metamodel,
is formulated as

fc(t,λ) = x(t,λ) − x p(t,λ). (4)

Formulation (4) shows that the corrector function captures the
finer features of the network response x(t, λ) that the predictor
metamodel has missed. Moreover, (4) also indicates that the
variance of the corrector function is

Var( fc) = Var(x) + Var(x p) − 2Cov(x, x p). (5)

Equation (5) demonstrates that as the variance of the predictor
metamodel of (3) approaches toward the variance of the actual
response x(t, λ), the smaller is the variance of the corrector
function. Under this circumstance, the corrector function can
be mathematically represented as a relatively compact PC
metamodel

fc(t,λ) ≈
Q∑

k=0

x (c)
k (t)φk(λ) (6)

where x (c)
k (t) is the kth corrector coefficient and the number

of terms Q + 1 � P + 1 of the predictor metamodel of (3).
When evaluating the coefficients of the corrector metamodel

of (6), the SPICE simulations of the rigorous and expensive
MCC model are needed in order to compensate for the errors
in the predictor metamodel. This means that the number of
unknown corrector coefficients (i.e., the value Q + 1) has to
be optimized. The reason is that if the number of the unknown
corrector coefficients Q + 1 is more than the optimal number,
then the corrector will be very accurate but will require an
unnecessarily large CPU cost for construction. On the other
hand, if the number of unknown corrector coefficients Q + 1
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is less than the optimal value, then the coefficients will be
evaluated very efficiently, but the corrector itself will not
be sufficiently accurate to compensate for the errors in the
predictor metamodel. Therefore, the main challenge here is
how to identify the optimal number of corrector coefficients
Q + 1. Note that this key aspect of the predictor–corrector
algorithm was not discussed in the preliminary work of [10].

C. Optimizing the Number of Corrector Coefficients

In this article, the hyperbolic truncation scheme of [28]
will be leveraged to select the optimal number of corrector
coefficients. In order to better understand how the hyperbolic
truncation scheme is leveraged, it is recalled that for uncor-
related random variables, any arbitrary kth multi-dimensional
PC basis of order r can be expressed as a tensor product of 1-D
bases as [11]

φ
(r)
k (λ) =

d∏
i=1

φki (λi );
d∑

i=1

ki = r (7)

where K = [k1, k2, . . . , kd ] is the vector of the orders of the
1-D PC bases. Now, the conventional PC metamodel of (2)
is truncated at the maximum order m in which case all bases
included in the metamodel will satisfy the criteria [11]

‖K‖1 =
d∑

i=1

ki ≤ m. (8)

The truncation criteria of (8) ensure that only those multi-
dimensional bases of (2) lying under or on the hyperplane
||K||1 = m are included in the PC metamodel. This truncation
criterion is referred to as the linear truncation scheme [11].
Now, in order to achieve a sparser PC metamodel than (2)
without incurring significant error, the hyperbolic truncation
scheme has been reported in [28]. This truncation scheme is
described using the fractional uth norm of K as

‖K‖u =
(

N∑
i=1

(ki )
u

)1/u

≤ m, 0 < u < 1 (9)

where u is the hyperbolic factor. The hyperbolic truncation
criteria of (9) ensure that only those multi-dimensional bases
of (2) lying under or on the hyperbola ||K||u = m, as opposed
to the hyper-plane ||K||1 = m in (8), are included in the
metamodel. In other words, due to the concave nature of
the hyperbola ||K||u = m, many terms in the conventional
PC metamodel of (2) can be removed leading to a sparser
realization [28].

From the previous discussion, it is clear that the hyperbolic
factor u controls the number of terms in a PC metamodel. For
example, if u ≈ 0, the only bases that will be included in the
metamodel will be the 1-D bases

φki (λi ), ki = 1, 2, . . . , d. (10)

Therefore, for u ≈ 0, a very sparse PC metamodel is realized.
Now, if we sweep the value of u in between zero and one,
at discrete values of u the number of terms included in the PC
metamodel will increase. For example, if m = 4, the discrete

set of values of u at which the number of terms in the PC
metamodel will increase is {0, 0.5, 0.69, 0.79, 1}. This set of
discrete values of the hyperbolic factor is

U = {u0, u1, . . . , u R} (11)

where u0 ≈ 0 and u R = 1. The corresponding set of number
of terms included in the PC metamodel is

Q = {q0, q1, . . . , qR} (12)

where q0 = m N + 1 are the number of 1-D terms and qR =
P + 1 of (2).

In this article, the iterative construction of the corrector
metamodel begins by first setting u ≈ 0. Therefore, only the
q0 1-D basis functions of (10) are included in the corrector
metamodel of (6). This corrector metamodel realization is
represented as f (0)

c (t , λ) where the superscript refers to the
iteration count. The corrector coefficients are then evaluated
using the linear regression scheme previously developed by
Prasad et al. [14]. In this scheme, the corrector metamodel
of (6) is sampled at 2q0 prescribed nodes in the multi-
dimensional support � resulting in a linear over-determined
system of equations as

A0(λ)Y0(t) = E0(t,λ) (13)

where the matrix A0(λ) ∈ �2q0xq0 and vectors Y0(λ) ∈ �q0x1

and E0(λ) ∈ �2q0x1 take the forms

A0(λ) =

⎡
⎢⎢⎢⎣

φ0(λ
(1)) φ1(λ

(1)) · · · φq0−1(λ
(1))

φ0(λ
(2)) φ1(λ

(2)) · · · φq0−1(λ
(2))

...
...

...
...

φ0
(
λ(2q0)

)
φ1

(
λ(2q0)

) · · · φq0−1
(
λ(2q0)

)

⎤
⎥⎥⎥⎦

Y0(t) =

⎡
⎢⎢⎢⎢⎣

x (c)
0 (t)

x (c)
1 (t)

...

x (c)
q0−1(t)

⎤
⎥⎥⎥⎥⎦

E0(t,λ) = EMCC(t,λ) − Ep(t,λ)

=

⎡
⎢⎢⎢⎣

x(t,λ(1))

x(t,λ(2))
...

x
(
t,λ(2q0)

)

⎤
⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎣

x p(t,λ(1))

x p(t,λ(2))
...

x p
(
t,λ(2q0)

)

⎤
⎥⎥⎥⎦. (14)

In (14), the vector EMCC(t , λ) is the vector of responses
obtained from the SPICE MCC model simulations and Ep(t ,
λ) is the vector of responses obtained from the predictor
metamodel of (3). The system of equations of (14) is solved
in a least-squares sense to evaluate the coefficients of f (0)

c (t ,
λ). Usually, for u ≈ 0, the corrector metamodel f (0)

c (t , λ) is
too sparse to be able to correct for the errors in the predictor
metamodel. So for the next (i.e., first) iteration round, the
hyperbolic factor u is set to u1 and a new corrector metamodel,
f (1)
c (t , λ), is realized. This new corrector metamodel f (1)

c (t , λ)
contains q1–q0 additional terms above and beyond the previous
corrector metamodel realization of f (0)

c (t , λ). Now, all the q1

corrector coefficients of f (1)
c (t , λ) are again evaluated using

the linear regression expression

A1(λ)Y1(t) = E1(t,λ). (15)
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The matrix A1(λ) ∈ �2q1xq1 and vectors Y1(λ) ∈ �q1x1 and
E1(λ) ∈ �2q1x1 of (15) are expressed as an augmentation of
the matrices of (14) used in the previous (i.e., zeroth) round
of iteration as

A1(λ) =
[

A0(λ) B1(λ)
C1(λ) D1(λ)

]
, E1(t,λ) =

[
E0(t,λ)
�1(t,λ)

]
(16)

where

B1(λ) =
⎡
⎢⎣

φq0(λ
(1)) · · · φq1−1(λ

(1))
...

. . .
...

φq0(λ
(2q0)) · · · φq1−1(λ

(2q0))

⎤
⎥⎦

C1(λ) =
⎡
⎢⎣

φ0
(
λ(2q0+1)

) · · · φq0−1
(
λ(2q0+1)

)
...

. . .
...

φ0
(
λ(2q1)

) · · · φq0−1
(
λ(2q1)

)
⎤
⎥⎦

D1 =
⎡
⎢⎣

φq0

(
λ(2q0+1)

) · · · φq1−1
(
λ(2q0+1)

)
...

. . .
...

φq0

(
λ(2q1)

) · · · φq1−1
(
λ(2q1)

)
⎤
⎥⎦ (17)

and

�1(t,λ) =

⎡
⎢⎢⎢⎣

x
(
t,λ(2q0+1)

)
x
(
t,λ(2q0+2)

)
...

x
(
t,λ(2q1)

)

⎤
⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎣

x p
(
t,λ(2q0+1)

)
x p

(
t,λ(2q0+2)

)
...

x p
(
t,λ(2q1)

)

⎤
⎥⎥⎥⎦. (18)

It is appreciated that in the current (first) round of iteration,
all the SPICE MCC model results obtained from the pre-
vious (zeroth) round of iteration [i.e., E0(t , λ)] are reused
in (16). In effect, only the new 2(q1–q0) MCC model sim-
ulations need to be performed in the current round of iteration
instead of the whole 2q1 model simulations. Next, the enrich-
ment in the variance of the current corrector metamodel
f (1)
c (t , λ) over the previous corrector metamodel f (0)

c (t , λ)
is quantified as

e1(t) =
∥∥∥∥∥V ar( f (1)

c (t,λ)) − V ar( f (0)
c (t,λ))

Var
(

f (1)
c (t,λ)

)
∥∥∥∥∥

2

=
∥∥∥∥∥
∑q1−1

i=1

(
x (c)

i (t)
)2 − ∑q0−1

i=1

(
x (c)

i (t)
)2

∑q1−1
i=1

(
x (c)

i (t)
)2

∥∥∥∥∥
2

. (19)

If the enrichment quantity of (19) averaged over the entire time
window of observation is less than a prescribed threshold ε,
then the corrector is considered to be sufficiently enriched and
the iterations are stopped. Otherwise, the next (i.e., second)
round of iteration is started.

It is assumed that the iteration process described above
needs j rounds before the enrichment quantity of (19) finally
reaches the point of diminishing returns (i.e., the average
value of e j (t) over the time window of observation becomes
smaller than the threshold ε). In that case, Q + 1 = q j

becomes the optimal number of corrector coefficients required
and the iterations are halted. Because the corrector metamodel
of (4) captures only the finer statistical features of the network
response and does not care about the coarse statistical features,
usually this number of terms in the corrector metamodel
(i.e., Q + 1 = q j ) is relatively very small compared to the

total number of terms in a conventional PC metamodel (i.e.,
Q+1 � P +1). If multiple network responses are considered,
then the enrichment of the variance quantity of (19) for all the
relevant network responses has to fall below their respective
threshold levels in order to stop the iterations.

D. Recovering the PC Metamodel

Once the predictor and corrector metamodels are con-
structed, using (4) and (6), the true PC metamodel can be
recovered as

x(t,λ) ≈ x p(t,λ) + f ( j )
c (t,λ)

=
P∑

k=0

x (p)
k (t)φk(λ) +

q j−1∑
k=0

x (c)
k (t)φk(λ). (20)

From (20), it is noted that the additional terms of the
corrector metamodel compensate for the errors in the predictor
metamodel. On the other hand, the numerical efficiency of
constructing the predictor metamodel using the compact ESC
model simulations compensates for the time-intensive MCC
model simulations required to construct the corrector meta-
model.

E. Numerical Efficiency Analysis of the Predictor–Corrector
Algorithm

Based on the discussion of Sections III-A–III-D, it is clear
that the total number of SPICE simulations required by the
predictor–corrector algorithm is a massive 2(P + 1) ESC
model simulations to construct the predictor metamodel and
a relatively smaller 2(Q + 1) MCC model simulations to
construct the corrector metamodel. It is assumed that the time
cost of a single ESC model simulation is k1C0 and the time
cost of the corresponding MCC model simulation is C0 where
k1 � 1. Then, the total time cost incurred by the proposed
predictor–corrector algorithm is

Cpc = 2(P + 1)k1C0 + 2(Q + 1)C0. (21)

On the other hand, if the conventional PC metamodel of (2)
was used, the incurred time cost to evaluate the coefficients
using MCC model simulations would be

Cconv = 2(P + 1)C0. (22)

Thus, the numerical efficiency or speedup provided by the
predictor–corrector algorithm over the conventional PC meta-
model of (2) is quantified as

η = Cconv

Cpc
= (P + 1)

(P + 1)k1 + (Q + 1)
. (23)

From (23), it is observed that the numerical efficiency achieved
is maximized when the denominator is minimized. Now,
the value of k1 decreases with the number of shells in each
MWCNT conductor (n) at the rate of O(1/nα) where typically
3 ≤ α ≤ 4 [31]. Therefore, for even moderate number of shells
inside each MWCNT conductor (i.e., moderate n), k1 → 0 and
the value of the numerical efficiency achieved will saturate at

Lim
k1→0

η = P + 1

Q + 1
. (24)
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Thus, from (23) and (24), it is concluded that the maxi-
mum numerical efficiency is reached when the CPU cost of
an ESC model simulation becomes negligible compared to
the cost of an MCC model simulation. In such a scenario,
the maximum numerical efficiency possible will be equal to
the ratio of the number of terms included in a conventional
PC metamodel to the optimal number of terms included in the
corrector metamodel. This feature of the numerical efficiency
of the proposed predictor–corrector algorithm is validated in
Section IV.

At this juncture, it is emphasized that although the max-
imum numerical efficiency possible using the predictor–
corrector algorithm as shown in (24) seems similar to
what is expected using the hyperbolic truncation scheme
of [28], in reality, it is not so. This is because the pro-
posed predictor–corrector algorithm uses a predictor meta-
model to first faithfully capture the coarse statistical fea-
tures of the MWCNT network response. Thus, the corrector
metamodel has to capture only the fine statistical features
of the response. As a result, a low number of terms (i.e.,
a low value of Q + 1) is sufficient to recover an accurate
PC metamodel in (20). In contrast, the hyperbolic truncation
scheme of [28] does not use any predictor metamodel. As a
result, it is constrained to use a relatively larger number
of terms in order to correctly capture both the coarse and
fine statistical features of the network response. Therefore,
the proposed predictor–corrector algorithm is numerically
much more efficient than the hyperbolic truncation scheme
of [28] under the condition that the CPU time cost of an ESC
model simulation is far smaller than that of an MCC model
simulation.

F. Challenges to the Numerical Efficiency of the
Predictor–Corrector Algorithm

Based on the discussion of Section III-E and (24), it is
understood that the numerical efficiency of the proposed
predictor–corrector algorithm is inversely proportional to the
number of terms in the corrector metamodel. This means that
if the number of terms in the corrector metamodel is large,
then very small numerical efficiency will be achieved. Now,
recall that the ESC model is predicated on the equipoten-
tial assumption explained in Section III-A—in other words,
the ESC model assumes the tunneling conductance in between
the conducting shells of Fig. 2 to be infinitely large. Therefore,
if for a practical MWCNT network, the tunneling conductance
is actually very small (e.g., it is nearly equal to zero), then the
ESC model will give erroneous results, which, in turn, will
propagate to the predictor metamodel coefficients. Therefore,
the predictor metamodel will not be able to accurately capture
all the coarse statistical features of the network response.
In such a circumstance, a large number of corrector metamodel
terms will be required to compensate for the ESC model
errors in the predictor metamodel coefficients. This means that
according to (24), the numerical efficiency of the predictor–
corrector algorithm will be very poor. Thus, small values
of the tunneling conductance of practical MWCNT networks
can limit the numerical efficiency of the proposed predictor–
corrector algorithm.

TABLE I

UNCERTAIN NETWORK PARAMETERS WITH NORMAL
DISTRIBUTION FOR EXAMPLE 1

Fortunately, the work of [7] has shown that small values of
tunneling conductance (i.e., small σ) do not have a significant
impact on the transient response of MWCNT networks. Thus,
although theoretically the value of the tunneling conductance
of MWCNT networks can potentially limit the numerical
efficiency offered by the predicator–corrector algorithm, for
practical networks, it has not been found to do so. This
particular feature is clearly highlighted in Examples 2 and
3 of Section IV.

IV. NUMERICAL EXAMPLES

In this section, three examples are presented to demon-
strate the numerical accuracy and efficiency of the proposed
predictor–corrector algorithm compared to conventional UQ
techniques for MWCNT networks. All relevant computa-
tions are performed using MATLAB 2018b, while the deter-
ministic ESC and MCC model simulations are performed
using HSPICE [32]. In particular, for all MWCNT examples,
the lumped RLGC circuit elements are used to realize the
ESC and MCC models, although more efficient models such
as those based on delay-extraction macromodeling can also
be used [7]. In all of these examples, the error quantity of
(23) has to fall below the threshold value of ε = 10−3 for all
the network responses of interest in order to stop the iterative
construction of the corrector metamodel.

Example 1: In this example, a single (N = 1) conductor
MWCNT network is considered with driver and loads as
shown in Fig. 1. The response of interest for this example
is the far-end transient voltage at node N1 shown in Fig. 1(b).
The voltage source shown in Fig. 1(b) exhibits a saturated
ramp waveform with rise time Tr = 0.1 ps and amplitude
1 V. The uncertain network parameters of this example are
listed in Table I.

In order to demonstrate the accuracy of the proposed
approach, the UQ for this example is performed using
three different methods—the Monte Carlo approach using
40 000 samples, the conventional PC metamodel of (2) with
order m = 4, and the proposed predictor–corrector algorithm
described in Section III also with order m = 4. Of these
methods, the results obtained from the Monte Carlo approach
is considered to be the standard results.

In the first part of this example, the number of shells
in each MWCNT conductor is set to Ns = 50. Thereafter,
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Fig. 3. Mean, mean plus three times the SD, and mean minus three times
the SD of the transient response at node N1 of Example 1 computed using the
Monte Carlo method (40 000 samples) and the proposed predictor–corrector
algorithm.

Fig. 4. Comparing the accuracy of the predictor against that of the
predictor–corrector with respect to the Monte Carlo results for Example 1.

the statistics of the transient response at node N1 is quantified
using the three aforementioned methods. These results are
compared in Figs. 3 and 4. From Fig. 3, it is observed that the
proposed predictor–corrector algorithm shows good agreement
with the Monte Carlo results. Fig. 4 illustrates the relatively
higher error obtained by simply using the predictor metamodel
instead of the predictor–corrector algorithm for the MWCNT
Example 1. In fact, for this example, the L2 norm of the
SD error achieved by the predictor metamodel is roughly
1.14×10−3 as opposed to the error of 1.04×10−4 achieved by
the predictor–corrector algorithm (i.e., the error is nearly 10
times larger). This higher error is to be expected because the
predictor metamodel uses only the approximate ESC model
based on the incorrect equipotential assumption to evaluate its
coefficients. Thus, Fig. 4 illustrates the very motivation behind
this article.

Next, the decay in the L2-norm of the standard deviation
(SD) error exhibited by the proposed predictor–corrector algo-
rithm compared to Monte Carlo results as the hyperbolic factor
u of (9) increases from u ≈ 0 to u = 1 is reported in Table II
and illustrated in Fig. 5. As expected, for increasing values of
the hyperbolic factor u, the decay of the SD error exhibited
by the predictor–collector algorithm is rapid and monotonic.
This is the reason why, in this article, the hyperbolic trun-
cation scheme of [28] serves as a viable methodology to
identify the optimal number of terms to be included in the
corrector.

TABLE II

SCALING OF L2 NORM OF SD ERROR EXHIBITED BY
PREDICTOR–CORRECTOR ALGORITHM WITH RESPECT

TO THE HYPERBOLIC FACTOR FOR EXAMPLE 1

Fig. 5. Scaling of L2-norm of SD error exhibited by the proposed
predictor–corrector algorithm with respect to the value of hyperbolic factor u.

Fig. 6. Scaling of numerical efficiency achieved by the proposed predictor–
corrector algorithm with respect to the number of shells in each MWCNT
conductor (Ns ).

In the second part of this example, the numerical efficiency
achieved by the proposed predictor–corrector algorithm is
examined. To that end, the number of shells per MWCNT
conductor of this network is increased from n = 30 to n = 50
in steps of 5. For each of these five test cases, the optimal value
of the hyperbolic factor required to construct the corrector
metamodel is found to be u2 = 0.69. The corresponding
accuracy results and the incurred CPU time costs for the
five test cases are reported in Table III. From Table III, it is
observed that as the number of shells increases (i.e., the value
of k1 approaches zero), the numerical efficiency of the pro-
posed predictor–corrector algorithm over the conventional PC
metamodel of (2) increases continuously until it saturates at the
value 4.90. This scaling of the achieved numerical efficiency
is also illustrated in Fig. 6. In fact, this scaling feature of the
numerical efficiency is exactly as predicted in the analysis of
Section III-E and (24) where P + 1 = 715 and Q + 1 = 145.
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Fig. 7. Statistics of the transient responses at nodes N1 and N2 of Example 2. (a) Mean, mean plus three times the SD, and mean minus three times the SD of
the transient response at node N1 computed using the Monte Carlo method (40 000 samples) and the proposed predictor–corrector algorithm. (b) Mean, mean
plus three times the SD, and mean minus three times the SD of the transient response at node N2 computed using the Monte Carlo method (40 000 samples)
and the proposed predictor–corrector algorithm.

TABLE III

SCALING OF NUMERICAL EFFICIENCY ACHIEVED BY THE PREDICTOR–CORRECTOR ALGORITHM WITH RESPECT
TO THE NUMBER OF SHELLS PER CONDUCTOR OF EXAMPLE 1

Importantly, the hyperbolic truncation scheme of [28] requires
the hyperbolic factor to be set to u3 = 0.79 in (9) in
order to achieve similar levels of accuracy as the proposed
predictor–corrector algorithm in Table III. This means that
the work of [28] requires 168 more MCC model simula-
tions and consequently offers lower numerical efficiency (i.e.,
3.12) compared to the proposed predictor–corrector algorithm
(4.90). This too is as expected based on our explanation of
Section III-E.

Example 2: In this example, a three-conductor (N = 3)
MWCNT network shown in Fig. 1(a) is considered. The first
conductor of this network is excited using a voltage source
with a saturated ramp waveform of rise time Tr = 0.1 ps and
amplitude 1 V. Conductors 2 and 3 are quiet. The responses
of interest for this example are the far-end transient voltage at
nodes N1–N3 of Fig. 1(b). The uncertain network parameters
of this example are listed in Table IV.

The UQ for this example is performed using the same three
methods as in Example 1. In the first part of this example,
the impact of the tunneling conductance on the accuracy of
the proposed predictor–corrector algorithm is examined. For
this purpose, the tunneling conductance parameter (σ) of each
MWCNT conductor is set to the limiting value of zero. For
this worst case scenario σ = 0, the ESC model is expected to
have maximum error and will need a large number of MCC
model simulations to correct this error. To test whether that is
the case, the statistics of the transient responses at node N1
and N2 is quantified using the above three methods and the
results are compared in Fig. 7. It is seen from Fig. 7 that the

TABLE IV

UNCERTAIN NETWORK PARAMETERS WITH NORMAL

DISTRIBUTION FOR EXAMPLE 2

predictor–corrector algorithm is still able to provide accurate
results compared to the Monte Carlo results with the optimal
value of the hyperbolic factor u fixed at u2 = 0.69, same
as in Example 1. In other words, the value of the tunneling
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Fig. 8. PDF of the transient responses at nodes N1 and N2 of Example 2. (a) PDF of the transient response at node N1 computed using the Monte Carlo
method (40 000 samples) and the proposed predictor–corrector algorithm. (b) PDF of the transient response at node N2 computed using the Monte Carlo
method (40 000 samples) and the proposed predictor–corrector algorithm.

TABLE V

SCALING OF NUMERICAL EFFICIENCY ACHIEVED BY PREDICTOR–CORRECTOR ALGORITHM WITH RESPECT

TO THE TUNNELING CONDUCTANCE OF EXAMPLE 2

conductance σ has little or no impact on the accuracy of the
proposed predictor–corrector algorithm. To further investigate
the accuracy for high-order statistical moments, the PDF of the
transient responses at node N1 and N2 is computed using the
Monte Carlo method and the predictor–corrector algorithm at
the time point when each result exhibits maximum mean value
(i.e., t = 200 ps and t = 95 ps, respectively). These results
are displayed in Fig. 8 and once again highlight the good
accuracy provided by the predictor–corrector algorithm even
for the worst case scenario of tunneling conductance σ = 0.

In the second part of this example, the effect of the tunnel-
ing conductance parameter (σ) on the numerical efficiency
achieved by the proposed predictor–corrector algorithm is
examined. For this purpose, the value of the tunneling con-
ductance parameter σ of each MWCNT conductor of Fig. 2 is
progressively varied as σ = {0, 10, 100}. As before, for each
of these three test cases, the optimal value of the hyperbolic
factor required to construct the corrector metamodel is found
to be u2 = 0.69. This means that P + 1 = 7315 while
Q + 1 = 532. The worst case SD error among the transient
responses at nodes N1–N3 and the incurred CPU time costs
for the three test cases are reported in Table V. From Table V,
it is observed that despite widely varying the value of the
tunneling conductance parameter σ , the predictor–corrector
algorithm always converges reliably using the same optimal
number of corrector terms. As a result, the predictor–corrector
algorithm is able to consistently provide a speedup of more
than 13 times over the conventional PC metamodel of (2).
This indicates that the tunneling conductance parameter (σ)
had little to no impact on the numerical efficiency offered

TABLE VI

UNCERTAIN NETWORK PARAMETERS WITH NORMAL
DISTRIBUTION FOR EXAMPLE 3

by the predictor–corrector algorithm. Note that the numerical
efficiency achieved for this example is very close to the value
of 13.75 predicted in (24). In addition, the hyperbolic trunca-
tion scheme of [28] requires the hyperbolic factor u to be set to
u3 = 0.79 in (9) in order to achieve similar levels of accuracy
as the proposed predictor–corrector algorithm in Table V. This
means that the work of [28] requires 1632 more MCC model
simulations and consequently offers lower numerical efficiency
(i.e., 5.43) compared to the proposed predictor–corrector
algorithm (13.52).
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Fig. 9. PDF of the transient responses at nodes N1 and N3 of Example 3. (a) PDF of the transient response at node N1 computed using the Monte Carlo
method (40 000 samples) and the proposed predictor–corrector algorithm. (b) PDF of the transient response at node N3 computed using the Monte Carlo
method (40 000 samples) and the proposed predictor–corrector algorithm.

TABLE VII

SCALING OF NUMERICAL EFFICIENCY ACHIEVED BY PREDICTOR–CORRECTOR ALGORITHM WITH RESPECT

TO THE TUNNELING CONDUCTIVITY OF EXAMPLE 3

Example 3: In this example, a five conductor (N = 5)
MWCNT network shown in Fig. 1 is considered. The first
conductor of this network is excited using a voltage source
with a saturated ramp waveform of rise time Tr = 0.1 ps and
amplitude 1 V. Conductors 2–5 are quiet. The responses of
interest for this example are the far-end transient voltages at
nodes N1–N5 of Fig. 1(b). The uncertain network parameters
of this example are listed in Table VI.

As before, the UQ for this example is performed using
the same three methods of Example 1. In the first part,
the accuracy of the proposed predictor–corrector algorithm is
examined. For this purpose, the PDF of the transient responses
at nodes N1 and N3 is quantified using the Monte Carlo
method and the predictor–corrector algorithm at the time
point when each result exhibits maximum mean value (i.e.,
at t = 200 ps and t = 73.2 ps, respectively). The predictor–
corrector algorithm once again displays good agreement with
the Monte Caro results as shown in Fig. 9.

In the second part of this example, the effect of the tunnel-
ing conductance parameter (σ) on the numerical efficiency
achieved by the proposed predictor–corrector algorithm is
examined. For this purpose, the tunneling conductance of
each MWCNT conductor is set to the two extreme values
σ = 0 and σ = 100. As before, for each of these two test
cases, the optimal value of the hyperbolic factor u required to
iteratively construct the corrector metamodel is u2 = 0.69.
This means that P + 1 = 58 905 while Q + 1 = 1617.
The worst case SD error among the transient responses at
nodes N1–N5 and the incurred CPU time costs for these two
test cases are reported in Table VII. From Table VII, it is
observed that irrespective of the tunneling conductance value,

the predictor–corrector algorithm converges reliably using the
same optimal number of corrector terms. Thus, the predictor–
corrector algorithm is able to consistently provide a speedup of
roughly 35 times over the conventional PC metamodel of (2).
This indicates that the tunneling conductance parameter (σ)
had little to no impact on the numerical efficiency offered by
the predictor–corrector algorithm. Note that the value of the
numerical efficiency achieved for this example is very close
to the value of 36.44 predicted in (24). Finally, in contrast,
the hyperbolic truncation scheme of [28] requires 9920 more
MCC simulations than the predictor–corrector algorithm to
achieve similar levels of accuracy. Thus, the work of [28] can
only provide a speedup of roughly nine times.

V. CONCLUSION

In this article, a novel predictor–corrector algorithm to
efficiently evaluate the PC coefficients for UQ of MWCNT
networks is developed. This algorithm crosscuts the numerical
efficiency of the ESC model with the rigor and accuracy
of the MCC model. In particular, this algorithm involves
constructing a predictor metamodel that captures the coarse
statistical features and a corrector metamodel that captures the
finer statistical features of the MWCNT network responses.
By combining the predictor and corrector metamodels intelli-
gently, the accurate PC metamodel of the network responses
is recovered at a far smaller CPU costs than what is conven-
tionally possible. Detailed analyses regarding the numerical
efficiency achieved by the predictor–corrector algorithm and
the scalability of this numerical efficiency with respect to the
number of shells of each MWCNT conductor has also been
performed in this article.
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